We are interested in the asymptotic stability of equilibria of structured populations modelled in terms of systems of Volterra functional equations coupled with delay differential equations. The standard approach based on studying the characteristic equation of the linearized system is often involved or even unattainable. Therefore, we propose and investigate a numerical method to compute the eigenvalues of the associated infinitesimal generator. The latter is discretized by using a pseudospectral approach, and the eigenvalues of the resulting matrix are the sought approximations. An algorithm is presented to explicitly construct the matrix from the model coefficients and parameters. The method is tested first on academic examples, showing its suitability also for a class of mathematical models much larger than that mentioned above, including neutral-and mixed-type equations. Applications to cannibalism and consumer-resource models are then provided in order to illustrate the efficacy of the proposed technique, especially for studying bifurcations.
Introduction
To better describe real phenomena, more complex mathematical models have been developed over the years. As a consequence, sharper mathematical tools and accurate and efficient numerical methods are needed to analyse them. In many different scientific disciplines, such as physics, biology, economics, engineering and chemistry, the modern way to conduct research makes use of numerical simulations too, to provide a deeper insight into the phenomena. Our aim is to show how suitable numerical methods can advance the theoretical analysis of population dynamical models.
In particular, we are interested in the stability analysis of equilibria of structured population models, as those recently proposed, for example, in [10, 11, 18, 19] . Such models take the form of Volterra functional equations (VFEs) coupled with delay differential equations (DDEs). In [10] , the stability and instability parts of the principle of linearized stability and the Hopf bifurcation theorem have been derived through the sun-star approach for either VFEs or VFEs coupled with DDEs. The fundamental theoretical results state that the spectral properties of the infinitesimal generator (IG) of the linearized semigroup generically determine the stability or instability of an equilibrium and that the (point-)spectrum of the IG is given by the roots of the characteristic equation. Despite this theoretical support, the analysis after the linearization is often rather complex, and accordingly, numerical methods are needed.
In the last decade, a direct technique for computing (part of) the eigenvalues of the IG has been proposed, based on its discretization by a pseudospectral approach. The eigenvalues of the resulting matrix are taken as approximations of the exact spectrum. This methodology, that here we call the IG approach, has been developed and applied for the stability analysis of equilibria of different classes of differential equations: delay [2] , neutral-delay and mixed-type [3] , partial differential equations of the reaction-diffusion type with delay in the reaction term [7] , as well as agestructured populations and epidemic models [5, 13] . The IG approach does not compute roots of the characteristic equation, which could be difficult and could give rise to an ill-conditioned problem: basically, it can suffer from the conditioning problems that already arise in the computation of the roots of a polynomial [23] (these are indeed better computed as eigenvalues of corresponding matrices). Moreover, its outstanding feature is the so-called spectral accuracy, that is, convergence of infinite order of the computed eigenvalues to the exact ones. This translates into rather fast and efficient algorithms that can be employed to perform a robust analysis of the model for varying parameters, producing, for example, bifurcation diagrams and stability maps [6] .
It is worth mentioning that in the context of DDEs (especially in the control field), there are also other approaches to approximate or locate the characteristic roots (see e.g. [12, 14, 17, 22] ). In particular, both the methods adopted in [12, 14] could be extended in principle to tackle the problem we consider here. Also, we refer the reader to [16] for the classical literature on the approximation of generators of semigroups, even though it does not furnish precise estimates [15] whence it is requested to exploit the special structure of the problem and of the approximation [2] .
In this paper, we extend the potential of the IG approach to physiologically structured populations modelled as coupled VFEs/DDEs. This requires to combine the method for DDEs [2] and the alternative idea used for age-structured populations [5] , a necessity due to the different types of nonlocal conditions characterizing the domain of the relevant IGs. The resulting algorithm, beyond being suitable for systems of coupled VFEs/DDEs, is shown to approximate correctly the spectrum of more general operators, such as those corresponding to neutral and advancedretarded equations, although in these cases the theoretical results linking such spectra to possible notions of stability are different and out of the scope of the present research.
The work is organized as follows. A brief introduction to the models formulated as coupled VFEs/DDEs is given in Section 2, together with the necessary stability results; next, a prototype is introduced. The IG approach is developed in Section 3, where a concrete algorithm is proposed for the sake of implementation. A discussion on convergence and applicability is the subject of Section 4, where toy examples are used to test the technique. Eventually, in Section 5, we apply the method to analyse the stability of equilibria of a model of cannibalism (a VFE) and of a structured consumer-resource model (a VFE coupled with a DDE, see e.g. [11, 19] ).
Models and stability
To motivate our study, we briefly recall from [11, 19] the basic ingredients of a physiologically structured consumer-resource model.
Let S(t) denote the food concentration at time t. Let S t denote the food history, that is, S t (θ ) = S(t + θ) for θ ∈ [−r, 0] with the maximum delay r specified below. Assume that X(a, S t ) and F(a, S t ) are, respectively, the size at age a and time t and the probability to survive till age a at time t of a consumer that has experienced resource concentration S in the time interval [t − a, t]. Let β(X(a, S t ), S(t)) and γ (X(a, S t ), S(t)) be the rate of reproduction and food consumption, respectively, of a consumer of age a at time t. Finally, let f be the rate of change of the resource in absence of the consumer. If b(t) denotes the population birth rate of the consumers and r > 0 is the maximum lifespan under ideal food conditions, the dynamics is described by
that is, by a VFE coupled with a DDE. The size X and the survival probability F can be determined by solving ordinary differential equations once individual growth and mortality rates are given; for further details, see [11, 19] .
System (1) becomes well posed as soon as suitable histories for b and S are specified. Since the former requires integrability and the latter continuity, it is common to assume that b(θ ) = ϕ(θ) and
. Diekmann et al. [10] present the stability analysis for VFEs, and by combining with the results developed in the book [9] for DDEs, they also extend it to coupled systems of VFEs and DDEs such as Equation (1) . By using the sun-star theory for dual semigroups, they prove the principle of linearized stability and thus show that the stability or instability of an equilibrium of Equation (1) is as a rule determined by the spectral properties of the IG of the linearized semigroup that in the case of Equation (1) is the operator A :
The functionals l ij represent the right-hand side of Equation (1) 
and the algebraic multiplicity of λ coincides with its order as root of Equation (2). To determine the real part of all the roots of the characteristic equation (2) is not an easy task in general, due to the complexity of realistic models (see e.g. [19] ). Besides, numerically we may run into ill-conditioning as briefly explained in Section 1. For these reasons, we investigate in Section 3 the IG approach, that is, the computation of finitely many eigenvalues of A while bypassing the characteristic equation.
Allowing both y and z to be vectors, we consider as prototype the autonomous linear (or linearized) system
, where d 1 and d 2 are nonnegative integers. r > 0 is the maximum (finite) delay and
and L 22 : Z → C d 2 are linear continuous functionals. For later convenience, we rewrite system (3) as
where
The IG A : dom(A) ⊆ X → X associated to Equation (3) reads
The applications of interest often involve multiple discrete and distributed delays, meaning that L takes the form
with −r =: −r p < · · · < −r 1 < −r 0 := 0 and p a positive integer,
. . , p sufficiently smooth. We therefore assume that
where φ (k) is the restriction of φ ∈ X to the kth delay subinterval [−r k , −r k−1 ] :
and, for k = 2, . . . , p,
IG approach
In this section, we approximate a finite number of the eigenvalues of the IG A defined in Equation (6) through the eigenvalues of a matrix A N that constitutes a discrete approximation of A. We extend to systems of coupled VFEs and DDEs (3) the pseudospectral scheme developed in [2] for DDEs, where the domain condition is specified through φ (0), by combining it with the different strategy adopted in [5] , where the domain condition is specified through φ(0). We first present the method for Equation (6) with a general M piecewise defined as in Equation (8). Then, a concrete algorithm is given for M such that Equations (5) and (7) apply. For a given set of possibly different positive integers
Because i does not take the value 0, common boundary points of subintervals are represented only once, yet we set also x 
To satisfy condition (iv), we choose
with M (k) the components of M according to Equation (8) . At this point, we assume that the inverse matrix in front of the right-hand side above is well defined for sufficiently large N 1 . Now, we replace the infinite-dimensional operator A on X by the finite-dimensional operator
By setting for brevity
and
With abuse of notation, let A N ∈ C dN×dN denote also the canonical matrix representing the operator A N : X N → X N . Note that this matrix has a special block structure according to the number and distribution of the delays. For h, k = 1, . . . , p, the (h, k)th block is itself a N h × N k block matrix with blocks of dimension d × d. Roughly (i.e. except for overlapping due to the fact that θ
, such structure is diagonal plus first row. The blocks along the diagonal discretize the differentiation action of A: this part is independent of the model coefficients M. The first block row discretizes the boundary condition characterizing the domain of A: this part depends on the model coefficients M. An example is given in Figure 1 for d = 3, p = 4, N 1 = 3, N 2 = 6, N 3 = 5 and N 4 = 8; hence, the total size is 66 × 66.
Explicit expressions of the entries of A N according to Equations (7), (9) and (10)- (12) follow:
for j = 0, 1, . . . , N 1 and
for j = 0, 1, . . . , N k and k = 2, . . . , p. Let us remark that, in general, the distributed delay terms above cannot be calculated exactly. If this is the case, a quadrature rule must be adopted, and we resort to the piecewise interpolatory formula based on the same nodes in N . Proceeding in this way, in fact, and thanks to the cardinal property of the Lagrange basis, that is,
with δ the Kronecker delta, one always obtains
for j = 0, 1, . . . , N 1 and Algorithm 1 provides a pseudocode to build the matrix A N explicitly. We use the following compact notation: 
. . , p − 1. Some useful remarks follow:
• The computation of the inverse of M (1) 0 is a safe step since the dimension d is sufficiently low in general. If that is not the case, it is better to avoid the computation of the inverse and rather solve the corresponding linear system whenever the product with the inverse is required; for this just a single factorization of M (1) 0 is necessary.
• As mesh nodes, we advise the use of Chebyshev extremal points
since efficient routines to compute the relevant differentiation matrices and quadrature weights are available (see e.g. [21] ). Convergence considerations given later on will motivate the choice further.
• Although any choice of N 1 , . . . , N p is admitted, interpolation considerations suggest a proportional subdivision w.r.t. the length of the delay subintervals. One possibility is, for example, to choose N and define
and, to compensate for rounding, re-compute N as the sum of all the N k .
• Matlab codes implementing Algorithm 1 are available through the authors. A first m-file script contains all the information about the model and can be easily compiled by the user. A second m-file function implements the numerical part and only requires the user to give as input N, a set of model parameters to be varied for checking robustness and the name of the previous file.
Results
The pseudospectral differencing method proposed in [2] for computing the eigenvalues of DDEs linearized around a given equilibrium solution has been proven to be spectrally accurate under standard regularity assumptions on the model coefficients and by choosing the Chebyshev extremal points (17) as mesh nodes [2, Theorem 3.7 ]. An analogous result has been proven in [5] for GurtinMacCamy equations [5, Theorem 5.7] . In the latter, the method of Breda et al. [2] has been adapted in order to take into account that the condition characterizing the domain of the IG involves φ(0) rather than φ (0). In this work, the domain condition is mixed as expressed in Equation (5) and the developed method combines the earlier two. Therefore, by analogy with [2, 5] and the results therein, we see no obstacle in extending the proof of convergence. So, we expect that, by assuming that the kernels involved in the definition of M are sufficiently smooth and by using Chebyshev extremal points, one can prove that if A has an eigenvalue λ ∈ C with multiplicity ν, then, for sufficiently large N, A N has exactly ν eigenvalues λ i ∈ C counted with their multiplicities and
holds with some constant K independent of N and proportional to |λ|. The tests below will provide experimental support to the statement. The computations (as well as those in Section 5) are performed with N = 50, a value ensuring enough accuracy, as it turns out. In the case of DDEs with discrete delays, the recent paper [24] provides an automatic choice of N guaranteeing the convergence within a given tolerance of the rightmost part of the spectrum. As a first example, we test the performance of Algorithm 1 relative to the technique presented in [2] . Consider then the DDE
According to the prototype model (3) together with Equation (7), we have
= −e and B (1) = 0. As can easily be verified, the associated IG has the exact rightmost eigenvalue λ = 1 with multiplicity ν = 2. Figure 2 shows part of the spectrum computed with both techniques and the error in the rightmost eigenvalue. The spectral behaviour is confirmed for the new scheme, although the error constant is obviously different from the one in [2] . Notice the reaching of only half the machine precision due to the double multiplicity as predicted by Equation (18 for i, j = 0 to N k do 8 :
end for 10: end for 11 
end for 20 : for i = 1 to N 1 and j = 0 to N k do 27:
end for 29: end for 30: for k = 2 to p do 31: for i = 1 to N k and j = 0 to N k do 32:
end for 34: end for
As a second example, we consider a coupled system which exhibits neutral dynamics, that is, there are infinitely many eigenvalues in a vertical strip of the complex plane. The equations are • for the method in this work, • for the method in [2] ) and error in the computed rightmost eigenvalue (right: solid • for the method in this work, dashed • for the method in [2] ) for Equation (19) . Computed spectrum in C with nonnegative imaginary part (left) and error in some eigenvalues (right) for Equation (20) .
In terms of the prototype system (3) together with Equation (7), we have
As can easily be verified, the associated IG has the exact rightmost eigenvalue λ = 1 as well as the exact imaginary eigenvalues λ = ±2kπi, k = 1, 2, . . .. Figure 3 shows part of the spectrum computed with the new technique as well as the error in the rightmost and in two imaginary eigenvalues. The spectral behaviour is confirmed also w.r.t. the role of the constant K in Equation (18) . As a third example, we test the following coupled system:
In terms of the prototype system (3) together with Equation (7), we have As can easily be verified, the associated IG has the exact eigenvalue λ = 1. Figure 4 shows again part of the computed spectrum (as well as the error in the real eigenvalue, still spectrally accurate) revealing a mixed-type dynamics, that is, infinitely many eigenvalues also in a right half-plane. Indeed, it is easy to show that z in Equation (21) satisfies the advanced-retarded scalar equation
We refer to [3, 20] for further information on the spectrum of mixed-type functional differential equations.
The tests carried out for Equations (20) and (21) show that the developed method is suitable for a class of models much wider than coupled VFEs/DDEs such as Equation (1), for which the spectrum is confined to a left-hand half of C with at most finitely many points in any vertical strip. The authors intend to continue the study in this direction along the lines of Breda et al. [3] .
As a final remark, let us underline that the spectral accuracy conjectured in Equation (18) translates into very low errors for rather low matrix dimension, which in turn allows for extremely fast eigenvalue computation by standard algebraic eigensolvers (e.g. eig in Matlab). This means that a single run for a fixed choice of the model parameters and of the relevant equilibria can be efficiently repeated in order to assess the robustness. This is very helpful for producing bifurcation diagrams and detecting stability boundaries. This is the subject of Section 5, where more realistic models will be treated.
Applications
In this section, we perform an equilibrium stability analysis for two models of structured populations. The first is a caricatural egg cannibalism model; the second is a simplified version of the Daphnia structured consumer-resource model (1) (see e.g. [11, 19] ). The aim is to illustrate the efficiency and efficacy of the method as a tool to overcome the difficulties often encountered in the theoretical analysis of the characteristic equation.
Cannibalism
Consider the VFE
modelling the time evolution of the size A of the subpopulation of adults in a population subject to the phenomenon of cannibalism. Here, β 0 > 0, F(a) andā > 0 are, respectively, the constant reproduction rate, the survival probability till age a ≥ 0 and the maturation age; h(a) is the vulnerability to cannibalism of juveniles at age a with h having support in [0,ā]. As a caricature, we consider
in the limit → 0 and
for given and positive c, F(ā) and a max >ā. By setting β := β 0 F(ā) and after scaling A so that we can assume c = 1, Equation (22) reads
Equation (24) possesses always the trivial equilibriumĀ 0 = 0. The nontrivial equilibrium
is biologically meaningful iff
We are interested in the stability of the equilibria for a given fixed a max and for varying β andā. The above choices allow for an exact analysis, so that we can eventually verify the correctness of the IG approach by computing the eigenvalues for any choice of the parameters. The linearization of Equation (24) aroundĀ 1 leads to
which is of the form (3) together with Equation (7) with
The associated characteristic equation reads
By letting λ = iω, we get the two real equations cos(ωā) = cos (ωa max ), (24) for a max = 4; corresponding eigenvalues in C with nonnegative imaginary part (bottom) for some choices ofā and β.
which can be rearranged to get the following set for k = 1, 3, 5, . . . of parametric curves in the plane (ā, β), parametrized by ω, with ω ≥ 0 for symmetry reasons, for a given a max :
Such curves are depicted in Figure 5 (solid thin) together with the curve
delimiting the region of positivity of the nontrivial equilibriumĀ 1 (solid thick); for choices of the parametersā and β below this curve, only the trivial equilibriumĀ 0 is meaningful and is asymptotically stable. For parameters on this curve, the rightmost eigenvalue is λ = 0 ( Figure 5(a) ) and when the curve is crossed the nontrivial equilibriumĀ 1 becomes positive and is asymptotically stable (Figure 5(b) ). Crossing the first thin curve upwards (solid thin, k = 1), a complex-conjugate pair of eigenvalues crosses the imaginary axis from left to right, the equilibrium becomes unstable and a periodic solution arises ( Figure 5 (c) and (d)): a Hopf bifurcation. Every time that a thin curve is crossed upwards for increasing k, another complex pair crosses the imaginary axis ( Figure 5 (e) and (f)). The curve corresponding to k = 2m + 1 is characterized by m complex pairs on the right, one on the imaginary axis and all the others on the left. The stability analysis of the periodic solutions as well as other types of bifurcation require different tools which fall outside of the scope of this work; for those interested, see [8] as far as DDEs are concerned.
Logistic Daphnia
Consider the coupled system of one VFE and one DDE
which is a special and simplified version of Equation (1). β 0 > 0, γ 0 > 0, F(a) andā > 0 are, respectively, the constant reproduction rate of adults, the consumption rate, the survival probability till age a ≥ 0 and the maturation age of the consumer. r > 0 and K > 0 are, respectively, the constant reproduction rate and the carrying capacity of the resource. Let us choose F as in Equation (23) and set β := β 0 F(ā) and γ := γ 0 F(ā) so that Equation (28) becomes Figure 6 . Equilibria E 1 (dashed) and E 2 (solid) of Equation (29) as a function of β for r = K = γ = 1,ā = 3 and a max = 4.
The possible equilibria
The latter is biologically meaningful iff
( Figure 6 ). The linearized system reads which is of the form (3) together with Equation (7) 
It is easy to show that the trivial equilibrium E 0 is always unstable. A bit more effort is required to show that the equilibrium E 1 is asymptotically stable as long as
and unstable otherwise. The analysis of Equation (32) for the nontrivial equilibrium E 2 is prohibitive in general, so that we resort to the numerical computation of the eigenvalues for any fixed choice of the various model parameters r, K, β, γ ,ā and a max . Figure 7 shows the real part of the rightmost eigenvalue for the equilibria E 1 and E 2 as a function of β. As for E 1 , the numerical computation of the eigenvalues confirms the theoretical findings (Figure 7(a) ). As for E 2 , the technique shows that it is asymptotically stable up to the value β ≈ 3.0162 (numerically determined by using the IG technique), when a complex pair crosses the imaginary axis from left to right presumably giving rise to a periodic solution through a Hopf bifurcation (Figure 7(d) ). Also exchanges in the rightmost eigenvalue(s) are shown (Figure 7 (b) and (c)): in the transition from panel (b) to (c) for increasing β the two real eigenvalues in (b) collapse into a double real one and then split into the (lowest) complex pair in (c). This pair keeps moving rightwards causing the Hopf bifurcation in (d). This phenomenon is often observed, as described in detail in [4] . As a final example of the flexibility and efficiency of the numerical computation of the eigenvalues, we show in Figure 8 the region of asymptotic stability of the nontrivial equilibrium E 2 in the plane (ā, β). Both curves are computed numerically by combining the computation of the real part of the rightmost eigenvalue with the algorithm in [6] . The lower curve coincides with the bound (30) and delimits the region of positivity of E 2 . The upper curve is the locus of the first Hopf bifurcation: crossing the curve for increasing β, the equilibrium E 2 loses its stability and presumably a periodic solution arises.
